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Some proofs on CBS inequality (Cauchy — Bunyakovskii — Schwarz inequality)
Yue Kwok Choy

Show that the quadratic function f(x)=Ax*+2Bx+C,where A, B,C (A#0)are
real, is non-negative for all real value of x ifandonlyif A>0 and B®<AC .
Let a;ay....an ; by by ..., by betwo sets of real numbers, prove that
n 2 n n
o {5 JEw]
i=1 i=1 i=1

Discuss the necessary and sufficient conditions for equality holds in  (b) .

n n n 2
Provethat » a,”=> b =1, then [Z aibi} <1 ,where a,bjelR

i=1 i=1 i=1

i=1

n 2 n n
Prove that {Z aibi} S{Z aiZMZ biz} ,where aj,bjeR
and the equality holds iff % isthesamefor i=1ton.

[ n I n ] n 2 n
showthat | a|| Y b/ {Z aibi} - Y(ab,-ap,f.

i=1 1<i% j<n

n n n 2
Showthat | > a* || > b’ 2{ aibi} ,Where a;, bj e R
i i=1

. . a. . .
and the equality holds iff b—' isthesamefor i=1ton.
i
2 2 2
+
Prove that ( b) sa—+b— ,wWhere a,belR, X ye+R.
X+y X y
2 2 2 2
a,+a,+..+a a,” a a
Prove that (@, +2, y <L 4+2 4.+  where ae R, Xk e+RR.
X;+ X, o X, X, X, X,

n n n 2
By choosing suitable ac,x« in (b), prove that {Z akz}[z Bkz}z{z akﬁk} ,
k=1

k=1 k=1
where ok, Bk e R.

Discuss the necessary and sufficient conditions for equality holds in  (c) .



5. Giventhat aj, ay ....,a, and by, by, ...., b, aretwo sets of non-zero real numbers,

(@ Shatthat VA=0,

n

Z akbk

k=1

1] ,< 1
SEP“Z; ak2+ﬁz bkz} .

k=1

(b) Hence, by choosing suitable A, deduce that

Sen (g g ]

Find also a necessary and sufficient condition for the equality sign holds.

Solution
1 2
5 (a) [kak iibk] >0, VA=0, k=12,...,n.
2 2 1 2
ATa, i2akbk+ﬁbk >0
223 a2 +2> ab, + =Y bl 20
k=1 k=1 X k=1
n 1 2 n 2 1 n 2
+> akbk:— kz a, +—Zz b,
k=1 k=1
n 1 2 2
ab,|< <3 A Z a +—> b,
k=1 k=1 k=1
(b) Let 73:\/2 bkz/z a,’ Since =0, by (a) wehave,
k=1 k=1
n 1 n 2 n 2 n 2 1 n 2
ZakkaE b/ D al Dl al+ : : b,
k=1 k=1 k=1 k=1 \/z bkz/z akz k=1
k=1 k=1
=R ]
k=1 k=1
2 n n
PEEPEY by
k=1 k=1
: 1 a, a,
Equality holds < Az, t—b, =0,vk=12,..,n o L=—2=_
A b, b,



